The conjecture has been proved for particular classes of profinite groups, for example some arithmetic groups [12] , finitely generated prosolvable groups [7] , groups with polynomial subgroup growth [9] . In [8] we proved that in order to decide whether a finitely generated profinite group G has PBMN, it su‰ces to investigate the behavior of the Mö bius function of the subgroup lattice of the finite monolithic groups that appear as epimorphic images of G. We need some definitions to be more precise. Let L be a finite monolithic group (i.e. a group with a unique minimal normal subgroup): we will say that L is ðh 1 ; h 2 Þ-bounded if there exist two constants h 1 and h 2 such that (2) jmðK; LÞj c jL :
In [8] the following is proved. Denote by LðGÞ the set of finite monolithic groups L such that soc L is non-abelian and L is an epimorphic image of G. A PFG group G has PBMN if and only if there exist h 1 and h 2 such that each L A LðGÞ is ðh 1 ; h 2 Þ-bounded. In this paper we obtain a stronger reduction theorem, which requires us to deal only with almost simple groups. If L is a finite monolithic group with nonabelian socle, then soc L ¼ S 1 Â Á Á Á Â S r , where the groups S i are isomorphic simple groups. Let X L be the subgroup of Aut S 1 induced by the conjugation action of N G ðS 1 Þ on S 1 . This X L is a finite almost simple group, uniquely determined by L. Our main result is the following. Theorem 1. Let L be a monolithic group with non-abelian socle. If the associated almost simple group X L is ðc 1 ; c 2 Þ-bounded, then L is ðh 1 ; h 2 Þ-bounded with This theorem allows us to reformulate Mann's conjecture as follows.
Conjecture 2.
There exist c 1 and c 2 such that any finite almost simple group is ðc 1 ; c 2 Þ-bounded.
Monolithic groups
Let P be a finite poset. The Mö bius function m P : P Â P ! Z is defined as follows: m P ðx; yÞ ¼ 0 unless x c y, when it is defined recursively by the equations m P ðy; yÞ ¼ 1 and X xczcy m P ðz; yÞ ¼ 0 when x < y:
The following is well known:
Lemma 4. If x c y then m P ðx; yÞ is equal to the di¤erence between the number of chains from x to y of even length, and the number of such chains of odd length.
Two well-known results will play a relevant role in our discussion. One is the Mö bius inversion formula. Suppose that f ; g : P ! Z are functions such that gðxÞ ¼ P ycx f ð yÞ for all x A P. Then f ðyÞ ¼ X xcy m P ðx; yÞgðxÞ for all y A P:
The other is Crapo's closure theorem. A closure map on P is a function : P ! P satisfying the following three conditions:
(a) x c x for all x A P;
(b) if x; y A P with x c y, then x c y;
If is a closure map on P, then P ¼ fx A P j x ¼ xg is a poset with order induced by the order on P.
Theorem 5 (Crapo's closure theorem [4] ). Let P be a finite poset and let : P ! P be a closure map. Fix x; y A P such that y A P. Then
Denote by LðGÞ the subgroup lattice of a finite group; notice that if H c K c G then m LðGÞ ðH; KÞ ¼ m LðH; KÞ ðH; KÞ, where LðH; KÞ is the set of subgroups of K containing H. From now on, for simplicity we will write mðH; KÞ instead of m LðH; KÞ ðH; KÞ whenever H is a subgroup of K.
Now let G be a monolithic finite group, i.e. a finite group G such that N ¼ soc G is a minimal normal subgroup, and assume that N is non-abelian; so there exists a finite non-abelian simple group S such that N ¼ S 1 Â Á Á Á Â S r , with S i G S for i ¼ 1; . . . ; r. Let c be the map from N G ðS 1 Þ to Aut S induced by the conjugacy action on S 1 . Set X ¼ cðN G ðS 1 ÞÞ and note that X is an almost simple group with socle Inn S ¼ cðS 1 Þ. Let T :¼ ft 1 ; . . . ; t r g be a right transversal of N G ðS 1 Þ in G. The map ip A N G ðS 1 Þ for all i A f1; . . . ; rg, is an injective homomorphism. We will identify G with its image in X o SymðrÞ; in this identification, N is contained in the base subgroup X r and S i is a subgroup of the ith component of X r . We will denote by p i : N ! S i the projection to the ith factor.
It is a poset, with order induced by inclusion.
Lemma 6. For each B A B, there exists one and only one subgroup C satisfying
is uniquely determined by the knowledge of C V S 1 . If we add the further condition that cðC V S 1 Þ ¼ cðN B ðS 1 ÞÞ V Inn S, then we have a unique possible choice for C.
For any B A B, we will denote by B (the G-closure of B) the subgroup C described by the previous lemma. Moreover, if B 1 ; B 2 A B we will say that B 1 is G-closed in
If we use precisely this transversal T in order to define our embedding f T : G ! X o SymðrÞ, then we obtain f T ðBÞ c Y o SymðrÞ and 
Proof. As we noticed before, we may assume that
If k ¼ ðs 1 ; s 2 ; . . . ; s r Þ A E (hence s 1 ¼ 1) and b ¼ ðy 1 ; . . . ; y r Þa A B, then
Since BN ¼ G, for each i A f1; . . . ; rg there exists ðy 1 ; . . . ; y r Þa A B with 1a ¼ i, hence In particular, jmðH; GÞj c P K A SðH; GÞ jmðK; GÞj Á jgðH; KÞj.
(1) jSj c 2jNj 2 .
(2) jmðK; GÞj c jNj 5=2 for each K A S.
Proof. If K A S then Inn S c cðN K ðS 1 ÞÞ. Moreover cðK V NÞ is normalized by cðN K ðS 1 ÞÞ, so either p 1 ðK V NÞ ¼ 1 or p 1 ðK V NÞ ¼ S 1 . In the first case K is a complement for N in G and by [10] there are at most jNj 2 possibilities. In the second case there exists a partition J 1 ; . . . ; J u of f1; . . . ; rg such that
where D i is a full diagonal subgroup of S J i (see for example [2, Definition 1.1.37]). We claim that K ¼ N G ðK V NÞ. Indeed, as K V N t K and G ¼ KN, we have
Hence K is uniquely determined by D ¼ D 1 Â Á Á Á Â D u , and we have to count the possibilities for D. Let r : G ! SymðrÞ be the homomorphism which maps g to the permutation of the set fS 1 ; . . . ; S r g induced by conjugation by g and let P ¼ rðGÞ. The subsets J 1 ; . . . ; J u are the blocks of an imprimitivity system for P, so they are uniquely determined by the knowledge of J 1 and can be chosen in at most 2 Since KN ¼ G, we have P ¼ rðGÞ ¼ rðKÞ, so for each i A f2; . . . ; vg there exists ; i01 of elements of Aut S.
. This completes the proof of our claim. By Lemma 4, jmðK; GÞj is bounded by the number of chains in LðGÞ connecting U to G. From what we have just seen, any of these chains is uniquely determined by a chain W 1 ¼ J 1 I W 2 I Á Á Á I W l ¼ f1g of subsets of J 1 , with jW i j divisible by jW iþ1 j for each i A f1; . . . ; l À 1g. We claim that the number of these chains is at most 4 jJ 1 j . Indeed we may choose jW 2 j in at most 2 jJ 1 j di¤erent ways, and when W 2 has been chosen, by induction we have at most 4 jJ 2 j c 4 jJ 1 j=2 ¼ 2 jJ 1 j possibilities for the chain W 2 I Á Á Á I W l ¼ f1g. This leads to the conclusion
Now assume that K V N ¼ 1. Again jmðK; GÞj is bounded by the number of chains 
Notice thatZ Z is the smallest element of LðY ; ZÞ with g H; K ðZ ZÞ ¼ g H; K ðZÞ. The map Z 7 !Z Z is a closure map in the dual poset L Ã ðY ; X Þ. We will say that Z is g H; Kclosed in X ifZ Z ¼ Z. Proof. If H is not G-closed in K, then gðH; KÞ ¼ 0. Otherwise, by (2.1), 
Proof. Recall that the maximal subgroups of G not containing N can be classified in terms of their intersection with N as follows:
(a) maximal subgroups R with p 1 ðR V NÞ ¼ S;
(b) maximal subgroups R with 1 < p 1 ðR V NÞ < S;
(c) maximal subgroups R with R V N ¼ 1.
We may assume that mðH; GÞ 0 0. This implies that H is an intersection of maximal subgroups of G (see for example [5] ). We distinguish two possibilities.
Case 1. All maximal subgroups of G containing H are of type (b). In [6] it is proved that in this case mðH; GÞ ¼ mðY ; X Þ with Y ¼ cðN H ðS 1 ÞÞ and jG : Hj ¼ jX : Y j r ; more precisely, it is proved that if H is an intersection of maximal subgroups of G and all the maximal subgroups of G containing H are of type (b), then H is G-closed in G, SðH; GÞ ¼ fGg, g H; G is a lattice isomorphism between LðY ; X Þ and CðH; GÞ and consequently mðH; GÞ ¼ gðH; GÞ ¼ mðY ; X Þ. This concludes our proof. r Lemma 14. Let N ¼ fH A B j mðH; GÞ 0 0g. Then jNj c jNj a with a ¼ 4 þ c 2 .
Proof. By Lemma 9, if H A N, then there exists K A SðH; GÞ with gðH; KÞ 0 0. In particular, H is G-closed in K and this implies 
